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The modification of the Clarke generalized subdiNerentia1 due to Michel and 
Penot is a useful tool in determining differentiability properties for certain classes of 
real functions on a normed linear space. The Glteaux differentiability of any real 
function can be deduced from the GBteaux differentiability of the norm if the 
function has a directional derivative which attains a constant related to its 
generalized directional derivative. For any distance function on a space with 
uniformly Gateaux differentiable norm. the Clarke and Michel-Penot generalized 
subdifferentials at points off the set reduce to the same object and this generates a 
continuity characterization for GLteaux differentiability. However, on a Banach 
space with rotund dual, the Frechet differentiability of a distance function implies 
that it is a convex function. A mean value theorem for the modified generalized sub- 
differential has implications for Glteaux differentiability. b 1987 Academic Press, Inc. 
La modification de Michel et Penot du sous-differentiel generalisi de Clarke est 
utilisee pour determiner les proprietes derivables de certaines classes de fonctions 
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reelles sur un espace lintaire normi. On peut deduire la derivabilite de GLteaux 
dune fonction rtelle par la dirivabilite de Glteaux de la norme si la fonction a une 
derivee directionnelle atteignant une constante relative a sa d&iv&e directionnelle 
generaliste. Pour une fonction de distance sur un espace avec une norme unifor- 
mement Glteaux-derivable, les sous-differentiels generalisis de Clarke et 
Michel-Penot aux points du complement de l’ensemble reduisent au mCme objet et 
ensuite on peut caracttriser la dtrivabilite de Glteaux par la continuite. Un 
theoreme de la valeur moyenne pour le differentiel generalist de Michel et Penot a 
des implications pour la derivabilite de Gateaux. ‘a 1987 Academic Press, Inc 
I. INTRODUCTION 
In this paper we will consider conditions which relate to differentiability 
of a real function 4 defined on a real normed linear space X. In particular, 
we will refer to two special types of real functions. A function C$ on X is said 
to be focally Lipschitz on X if for every XE X there exists an M> 0 and 
r>O such that 
Id(Y)-4(Z)l bWlY-zll forall lly-XII, IIz-xl1 cr. 
Given a non-empty closed subset K of X we will refer to the distance 
function 4 generated by K as that defined by 
0) = ,rii lb-YII. 
Now a distance function is a Lipschitz one function. 
For a function q4 on X, given x, y E X, we say that 4 has a right-hand 
Griteaux derivative at x in the direction y if 
lim 4(x + tY) - d(x) 
r-o+ t 
exists. We denote such a limit by qY+(x)( y). If 
lim 4(x + ty) -4(x) 
1-O t 
exists then we say that 4 has a Ghteaux directional derivative at x in the 
direction y. We denote such a limit by &(x)(y). If this limit exists for all 
y E X and is linear in y we say that q3 is Gciteaux differentiable at x and we 
denote the limiting linear functional by 4’(x) and call it the GBteaux 
derivative of qS at x. If 4 is Ggteaux differentiable at x and the limit d’(x)(y) 
is approached uniformly for all y E X, /I y/l = 1, we say that Q is Frtchet dif- 
ferentiable at x and we refer to d’(x) as the FrPchet derivative of C$ at x. 
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Differentiability theory for convex functions on normed linear spaces is 
well developed. The most successful attempts to generalize the theory for 
non-convex functions have been for locally Lipschitz functions and a large 
measure of that success is due to ideas pioneered by Clarke [ 11. Here we 
exploit a modification of Clarke’s approach to prove several differen- 
tiability properties for real functions in general and for locally Lipschitz 
and distance functions in particular. 
An important tool in non-smooth analysis, especially as it relates to 
optimization, is the Clarke generalized subdifferential. Given a locally 
Lipschitz function 4 on a normed linear space X, the Clarke generalized 
directional derivative of 4 at x E X in the direction y E X is defined by 
fj”(~)(y)~limsup’(Z+ty)-‘(z), 
z-1 t 
r-ot 
The function y --+ d”(x)(y) is continuous and sublinear. The Clarke 
generalized subdifferential of 4 at x E X is defined by 
and &6’(x) is non-empty, convex, and weak * compact. The elements 
fe 13$‘(x) are called Clarke generalized subgradients for I$ at x. 
Now the Clarke generalized subdifferential has been used in the 
geometry of Banach spaces as a way of studying the differentiability of 
distance functions [4, p. 3021. However, for this purpose, the Clarke 
generalized subdifferential has a serious disadvantage: even where the 
function 4 is Ghteaux differentiable at a point x E X, the set ad’(x) need 
not necessarily be singleton. 
In [8], Michel and Penot introduced a modified Clarke generalized 
subdifferential which has the advantage that it is smaller than the Clarke 
subdifferential and it reduces to the Gateaux derivative when the Gateaux 
derivative exists. 
Given a locally Lipschitz function 4 on a normed linear space X, the 
Michel-Penot generalized directional derivative of 4 at x E X in the direction 
y E X is defined by 
do(x)(Y) = f!p, ‘\yyp 
$4(x + tz + ty) - &x + tz) 
t 
Again, the function y -++“(x)(y) is continuous and sublinear. The 
Michel-Penot generalized subdifferential of $ at x E X is defined by 
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and again &j”(x) is non-empty, convex, and weak * compact. The 
elements f~ a~$ * (x) are called Michel-Penot generalized subgradients for 4 
at x. 
In both cases when 4 is a convex function, then 
and @O(x) = ad”(x) = a&x), the familiar subdifferential of a convex 
function. So both of these generalized subdifferentials are genuine 
generalizations from convex to locally Lipschitz functions. 
However, they generalize different aspects of the convex situation: the 
Clarke generalized subdifferential mapping x -+ @O(x) is weak * upper 
semi-continuous; the Michel-Penot generalized subdifferential mapping 
x+ @O(x) has the property that 4 is Gateaux differentiable at x if and 
only if ad”(x) is singleton. 
It is clear then that any study of differentiability of real functions on 
normed linear spaces using generalized subgradient methods will find the 
Michel-Penot formulation to be of considerable advantage. 
It should be noted that for a locally Lipschitz function 4, if for some 
x E X, d’+(x)(y) exists for all y E X and is convex in y, then 
&j o (x) = @Y+ (x). So significantly the Michel-Penot subdifferential 
provides a way of generalizing the Pshenichnyi study of quasi-differentiable 
functions [ 10, p. 681. 
Most of our conditions relating to differentiability of real functions are 
linked to particular properties of the norm. Now the norm as a convex 
function always possesses a subgradient at each point; that is, given x E X 
there exists a continuous linear functional f on X such that 
It is convenient to denote a subgradient of the norm at x byf,. 
2. DIFFERENTIABILITY OF REAL FUNCTIONS THROUGH A 
MODIFIED LIPSCHITZ CONSTANT 
Fitzpatrick [S, p. 5461 showed that a function 4 on a normed linear 
space X is Frechet differentiable at x E X if there exists a y0 E X, 11 y, 11 = 1 
such that the norm of X is Frechet differentiable at y, and the Gateaux 
directional derivative of 4 exists at x in the direction y, and attains a 
modified Lipschitz constant at x. Here we show that by using a modified 
Lipschitz constant associated with the Michel-Penot generalized direc- 
tional derivative, a similar result can be given for Gateaux differentiability. 
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For a function C$ on a normed linear space A’, given x E X we define the 
constant 
Now 
P,(x) = sup sup lim sup 
$b(x + tz + ty) - qqx + f.?) 
Il.blq=l ZEX r-*0+ t 
--P,(x) = inf inf lim inf 
$4(x + tz + ty) - qqx + tz) 
llyll=I ZEX r-O+ t 
When 4 is locally Lipschitz then 
P,(x)= sup 4”(X)(Y) II ?lI = I 
and 
-Pm(x) = inf (-d”(x)( -y)). 
I/ 1.11 = 
If q3 is also Ghteaux differentiable at x then 
This constant does bear a closer relation to the derivative of the function 
than the local Lipschitz constant. This can be seen from the function 4 
defined on R by 
d(x) =x2 sin( l/x), x # 0 
= 0, x = 0, 
where the local Lipschitz constant at 0 is 1 but the function has 4’(O) = 0 
and Pm(O) = 0. 
Moreover, in the following theorem we demonstrate the significance of 
this constant in determining the differentiability of a function. 
THEOREM 1. Consider a function q5 on a normed linear space X where for 
some XE X there exists a y, E X, I( y, 11 = 1 such that the Giteaux directional 
derivative at x in the direction y, exists and $‘(x)( yO) = P,(x). If the norm 
of X is Gciteaux differentiable at y, with derivative f,, then 4 is Gciteaux dif- 
ferentiable at x and 
4’(X)(Y) = P,b)fv,(Y) for all y E X. 
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Proof. Given y E X, 11 yI[ = 1, and E > 0 there exists a Y(E, y,, y) > 0 such 
that 
II Yc’ + AYll - II Yo II 
/I -f,,(Y) <E 
for O< 111 <y, 
SO 
I II Yo + wll - II Yo II - YfJY)l < &Y. 
Also there exists a 6 >O, 6(~, x) such that 
4(x + lY0) - d(x) 
t -p&(x) f&Y 
for O< ItI <b. 
Clearly, from the definition of P,(x), there exists a 6’>0, 
&(E, x, -y,, y0 + yy) such that 
4(x + OY) - 4(x - tYo) = i(x + t( -Yo) + t(yo + yy)) - d(x + t( -yo)) 
d Psb)ll Yo + YYII t + EYt 
for 0 < t < 6’. Then 
4(x+ OY) - 4(x) = 0 + OY) - 4(x+ rye) + 4(x + fy,) - i(x) 
< P&)ll Yo + 1/Yll 2 + vt - P,Wll Y, II t + EYl 
for 0 < t < min(6,6’) 
= P,(x) t( II Yo + YYII - II Yo II I+ 2w 
<Pm(x) UJYY) + VI + at. 
SO 
4(x + OY) - 4(x) 
0 
< P,(X)f,,“(Y) + (P&d + 2) E 
for 0 < 2 < min(b, 6’). 
On the other hand, there exists a 6” > 0, J”(E, x, y,, -yO + yy) such that 
4(x + QY) - 4(x + tYo) = d(x + tyo + t( -y, + yy)) - fj(x + tyo) 
’ -p&)llY,-YYII t---y2 
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for 0 < t < 6”. Then 
4(x + OJY) - 4(x) = (4(x + try) - 4(-v + tYo) + d(x + fY0) - d(x) 
’ -P,(x)ll Yo - YYII t - &Yf + P,(x)ll yo II l- EYI 
for 0 < t < min(6,S’) 
= -P,(x) t( II Yo - YYII - II Yo II I- w 
’ P,(x) 0JY.Y) - v) - w. 
SO 
4(x + tYY) - $4x) 
0 
’ P,(X)f”“(Y) - (P&) + 2) E 
for 0 < t < min(b, 6”). 
We conclude from (i) and (ii) that 
lim 40 + IY) - 4x1 
r-O+ t 
exists and is equal to P,(x)fvL( y) for all y EX. This implies that 4 is 
Gateaux differentiable at x and 
4’(X)(Y) = qwy”(Y) for all VEX. 1 
We now apply this theorem in examining the differentiability of distance 
functions. 
COROLLARY 2. Consider a non-empty closed set K in a normed linear 
space X and a point x E X/K which has a closest point p(x) in K. If the 
distance function I$ generated by K is Gdteaux directionally differentiable at 
x in a direction x-p(x) and the norm of X is Griteaux differentiable at 
x -p(x), then 4 is Gdteaux differentiable at x and 
Proof. From the closest point property we can deduce that p(x) is a 
closest point for all x2=x +1(x-p(x)), where -1 <I < 0, and so 
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4; (XX - (x -P(X)) exists and is equal to - [lx-p(x)ll. Therefore, if 4 is 
Gateaux directionally differentiable at x in the direction x-p(x) then 
$‘(x)(x -P(X)) = lkP(XN 
and since 4 is Lipschitz one, we deduce that P,(x) = 1 and the conclusion 
follows from Theorem 1. i 
The proof of this corollary indicates that the following general property 
holds. 
COROLLARY 3. Consider a non-empty closed set K in a normed linear 
space X which has the property that each point of a dense subset of X\K has 
a closest point in K. If the norm of X is Gateaux differentiable on X\(O) 
then the distance function 4 generated by K is Gateaux differentiable on a 
dense subset of X\K. 
Proof Given a point YE X\K and 0 <E < #( y), consider XE X, 
11x-y 11 < E such that x has a closest point p(x) in K. Then p(x) is a closest 
point for all xi. = x + ,I(x -p(x)), where - 1 < ,I, < 0. So 4 is Gateaux direc- 
tionally differentiable at xR for all - 1 < A < 0 in the direction xL -p(x) and 
~‘(X,)(X, -p(x)) = Ilxj.-p(x)ll. We deduce from Corollary 2 that 4 is 
Gdteaux differentiable at each x1 for - 1 < I < 0. [ 
A non-empty closed set K in a normed linear space X is said to be a sun 
if for each x E X\K there exists a closest point p(x) in K and each point 
Xj, E x+ 2(x-p(x)) for 1> - 1 has the same closest point p(x). So, in 
particular, we have the following property for suns. 
COROLLARY 4. For a sun K in a normed linear space X, if the norm of X 
is Gateaux differentiable on X\(O) then the distance function +4 generated by 
K is Gateaux differentiable on X\K. 
It is interesting to notice that even without the assumption of Gateaux 
differentiability of norm in Corollary 2 the Michel-Penot subdifferential at 
a point XE X\K which has a closest point p(x) in K always contains a sub- 
gradient of the norm at x-p(x). To show this we need the following 
elementary property for the generalized subdifferential of a locally Lipschitz 
function. 
Given a locally Lipschitz function 4 on a normed linear space X, it is 
clear from the definition that the Michel-Penot generalized subdifferential 
has the following properties similar to those of the Clarke generalized sub- 
differential: 
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-d”(x)(-y)= i~~liminfd(X+tZ+ty~~~(x+tz), 
ZEX r+o+ 
But also given y, E X for each CI where 
-9”(x)(-Yo) 6 a 6 #“(X)(Yo) 
there exists an SE &j”(x) such that f( yO) = CL 
THEOREM 5. Consider a non-empty closed set K in a normed linear space 
X and distance function 4 generated by K. For any XE X\K where there 
exists a closest point p(x) in K, there exists an f E C@“(x) where 
f~ altx-pail. 
Proof: Given y E A’, 
q5”(x)( y) E sup lim sup 
qs(x + 1.2 + ty) - qqx + tz) 
ztx r+o+ t 
> lim sup d(x) -4x - ty) 
/ 
r-O+ t 
putting z = -y 
>lim sup II-P(X)ll - b-P(X)- fYll 
/ 
r-O+ t 
using the closest point property. So for y =x-p(x), 
4”(x)(x-p(x))= lb-Pb)ll 
2 -@“(x)(-(x--P(x))). 
But from the remarks made before this theorem, there exists an SE&$~(X) 
such that 
fb -p(x)) = Ilx - P(XIll 
and 
llf II G 1 SO wiix-p(x)ii. i 
This can be considered a gloss on a theorem due to Vlasov [ 111. We 
may recapture his result using the special advantages of the Michel-Penot 
generalized subdifferential. 
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COROLLARY 6. Consider a non-empty closed set K in a normed linear 
space X and distance function 4 generated by K. If I$ is Gateaux differen- 
tiable at XE X\K where there exists a closest point p(x) in K, then 
d’(x) E ax -P(XNl. 
3. A CHARACTERIZATION OF THE GENERALIZED 
SUBDIFFERENTIALS FOR DISTANCE FUNCTIONS AND 
A CONTINUITY CHARACTERIZATION FOR G;\TEAUX DIFFERENTIABILITY 
Given a locally Lipschitz function q5 on a normed linear space X, it is 
evident that the Michel-Penot generalized subdifferential mapping 
x -+ $4” (x) has no general continuity property corresponding to the weak* 
upper semicontinuity of Clarke’s generalized subdifferential mapping 
x + &$‘(x). However, for the distance function q4 generated by a non-empty 
closed set K in a normed linear space X with uniformly Gateaux differen- 
tiable norm, we prove the surprising fact that the two generalized subdif- 
ferentials are the same object for points off the set and so the generalized 
subdifferential mapping in this case possesses the properties of both. This 
enables us to derive a continuity characterization for the Gateaux differen- 
tiability of #. 
A normed linear space X is said to have uniformly Griteaux differentiable 
norm if for each y E X, given E > 0, there exists a 6(s, y) > 0 such that for 
every x E X, Ilxll = 1, there is a continuous linear functional f, on X and 
IIX + fYJI - llxll -fx(y) 1 <E 
for all 0 < / tl < 6. 
We will use the following well-known characterizations of this property; 
see [13, p. 2991. 
LEMMA 7. A normed linear space X has uniformly Gciteaux differentiable 
norm if and only if for each y E X, either one of the following holds for any 
r>O,for avf,~4l4 a~df,+.,~~Il~+~yI/: 
(i) lim r+OsuPllxll>r l(fx+,,-frNYN=o~ 
(ii) the mapping x -,f,( y) is umformly continuous on {x: ~/XII > r}. 
The following theorem highlights the special differentiability properties 
inherent in a distance function on a normed linear space with uniformly 
Gateaux differentiable norm. 
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THEOREM 8. Consider the distance function I$ generated by a non-empty 
closed set K in a normed linear space X with uniformly Gciteaux differen- 
tiable norm. For any XE X\K, 
(i) the distance function 4 always has a right-hand Gateaux derivative 
and 
-4’,(x)(Y)=(-4)“(x)(Y)=(-4)3(x)(Y) 
for all y E X and consequently - 4 is always quasi-differentiable and regular, 
(ii) @O(x) =8$‘(x) and this set is the weak * closed convex hull of 
all weak * cluster points of 
(a) f,-,, where IIz-uII -+4(x), u~Kas z--,x, 
(b) L,, where lb-41 +4(x), VEK. 
Proof (i) We show that 
lim sup 4(x + tY) - 4(x) d lim inf 4(’ + ty) - 4(‘) 
r+O+ t z - 5 t r-o+ 
Now there exists t, + 0 + and z, +x, such that 
lim inf 4(z + tr) - 4(z) = lim 4brJ - 4(zn - tn Y 1 
z-x t I-rOf tn 
For each n, choose u,, E K such that 
I/z,--u,I/ 2hJ> llz,--u,Il -c. 
Then 
lim inf $(z + tY I- &J > lim inf II&l - u, II - llzn - t” Y - url II 
z + x t ’ r-O+ t, 
31iminff,n-_,,-.n(y) 
Zlim infLnp ,,( y) 
by Lemma 7(i), 
by Lemma 7(ii), 
3 lim inf f, ~ J y) 
3lim inf (f,-,(y): IIx - vI( + 4(x), v E K) 
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since 
/Ix--u,II 6 lb--z,/I + lb,--u,II 
and 
II-L - un II + 46) as z, -+ x. 
Now there exists u, E K, where I/x - u, /I + b(x), such that 
lW-,,(.d = 1 im inf{fX-“(Y): IIx-1111 +4(x), UE K}. 
Since the norm is uniformly GAteaux differentiable, given E > 0 there exists 
a 8(&, y) > 0 such that 
lb + v - v, II - lb - 0” II 
t -L,(v)l <E 
for all 0 < ItI < 6 and all n sufficiently large. Then 
f. ~ (y)+E3Q(x+~~)-~(x)+~(x)- lb--u,II Y 0” t t . 
so 
liminf(.L,(.d: IL-vII+~(x),vEK)+E 
2 4(x + v) - b(x) for all 
t 
0~ (tl ~6. 
Since 
lim inf ~(x + “) - I > lim inf ~(z + ‘Y) - ~(‘) 
, 
r-o+ t z+x t ’ 
r-o+ 
we conclude that the right-hand Gdteaux derivative of q4 exists and 
Y+(X)(Y) = -d”(x)( -Y). 
But 
4”bN -Y) = (-4)“(X)(Y) 
and since always 
(-4)“(X)(Y)~ (-~)“(x)b92 (-$)‘,(X)(Y) 
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for all y E X, we see that equality holds. This also implies that -d is quasi- 
differentiable [10, p. 681 and regular [ 1, p. 391. 
(ii) Now 
4”(X)(Y) = (-d)“(x)( -Y) 
and 
From (i) 
(-d)“(X)(Y) = (-4)“(X)(Y) for all YEX 
so 
b”(X)(Y) = do(x)(Y) for all y E X, 
which implies that +5’(x) = &j”(x). 
From the proof of (i), we see that 
-d”(x)( -y)=lim inf {f,-.(y): Ijz-uII +4(x), UE Kas z +x) 
=lim inf {fYPL,(y): IIx-uII *d(x), UE K} 
and so 
d”(x)(Y)=limsup {f,+,(y): l/z-4 +&x),~~Kasz+x} 
=limsup {fYPL’(y): IIx-1111 -d(x),u~K}. 
Therefore, for each y E X, &$‘(x)(y) is the closed convex hull of the cluster 
points of each of 
fz-u(Y), where lIz---uIJ -+4(x), UE K as z-+x 
and 
L”(Y)2 where I/x - u/I -+ d(x), u E K, 
which establishes the theorem statements (ii)(a) and (b). 1 
From the remarkable properties of the subdifferential of the distance 
function established in Theorem 8, we can deduce immediately the follow- 
ing continuity characterizations for Gateaux differentiability. 
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COROLLARY 9. Consider a distance function I$ generated by a non-empty 
closed set K in a normed linear space X with untformly Gciteaux dtfferen- 
tiable norm. For any x E X\K and y E X, q4 is Gateaux differentiable at x in 
the direction y tf and only tf any one of the following hold 
(i) &j’(x)(y) is singleton, 
(ii) @“(x)(y) is singleton, 
(iii) fi-,( y) is conuergent as l/z - uII + d(x), UE K and z + x, 
(iv) f,-,(y) is convergent as /lx-VII -+4(x), UEK. 
Of course in (ii) and (iii) convergence is to the Gateaux directional derivative 
#‘(x)(y). This implies that rj is Gateaux differentiable at x E X\K if and only 
if &5’(x) is singleton and this is the linear Gateaux derivative at x. 
So in a normed linear space with uniformly Gateaux differentiable norm, 
the subdifferential mapping for a distance function combines the properties 
of both of the Clarke and Michel-Penot generalized subdifferential map- 
pings. But we should note that Corollary 9 is a stronger characterization 
for Gateaux differentiability than we might expect even from the 
Michel-Penot subdifferential, because it provides a characterization for 
directional Gateaux differentiability. 
It was ZajiEek [ 13, p. 3001 who first pointed out that in a normed linear 
space with uniformly Gateaux differentiable norm a distance function 4 
always has right-hand Gateaux derivatives at every point off the set and 
d’+(x)(y) is concave in y. Moreover, he also showed that this occurs for all 
sets K if and only if the norm is uniformly Gateaux differentiable. We 
should also note, with ZajiEek, that Theorem 8 provides an extension of 
Mises theorem [ 13, p. 2921 from R” to a significant class of infinite-dimen- 
sional normed linear spaces. 
Theorem 8 can be applied in a variety of significant spaces. Every Hilbert 
space and Lp-space (1 <p < co ) has uniformly Gateaux differentiable 
norm. Furthermore, any separable Banach space can be equivalently renor- 
med to have uniformly Gateaux differentiable norm [14, p. 1991 and so 
too can any super-reflexive Banach space. 
It is interesting to see that the satisfying conclusions of Theorem 8 do 
not extend to a point on the boundary of a set as is shown by the following 
simple example. 
EXAMPLE 10. 
R* 
Consider the set KE {(A, p): ,I2 + p* < 1 or p < - 1 } in 
which generates the distance function 4, where 
4(k PI = (JzFi) A (cc + 1) for (A, p) E R2\K 
=o for (A, ,u) E K. 
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ti((O, - 1) + 0, PL)) - w, - 1) 
t 
=o if p<O 
=o 2P if ~L>O and OC~<~~+~~. 
Therefore, q4 is Gateaux differentiable at (0, - 1) and 
qY(0, -l)=O 
but also 
Now a closed set K is convex if and only if its distance function 4 is 
convex. Theorem 8 has implications for distance functions to closed convex 
sets. 
COROLLARY 11. If K is a non-empty closed convex set in a normed linear 
space X with uniformly Gciteaux differentiable norm, then the distance 
function 4 generated by K is a convex function Gciteaux differentiable on 
X\K. 
Proof Since I$ is convex on X, for all x E X, qY+(x)( y) is a convex 
function of y. But since the norm is uniformly Gateaux differentiable, from 
Theorem 8, for all x E X\K, qY+ (x)( y) is concave in y. Therefore 4 is 
Gateaux differentiable on X\K. 1 
It is clear that this will not extend to points on the boundary; we need 
only consider K as the origin in any normed linear space with uniformly 
Gateaux differentiable norm. 
Recently, Fabian and Zhivkov [3, p. 711 have shown that a Banach 
space which contains as a dense subset the image of an Asplund space 
under a continuous linear mapping has the property that any continuous 
function where the right-hand Gateaux derivative exists at each point of an 
open set is Gateaux differentiable on a dense Gs subset. So in such a 
Banach space with uniformly Gateaux differentiable norm, the distance 
function C$ generated by a non-empty closed set K is Gateaux differentiable 
on a dense G, subset of X\K. 
However, it is even more fascinating to see that under mild spatial and 
differentiability conditions, a distance function is a convex function. To do 
this, we generalize the classic arguments of Vlasov [ 123, where he provides 
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conditions under which a Chebyshev set is convex. The steps in Vlasov’s 
work may be followed in Giles [6, pp. 239-2451. 
LEMMA 12. In a Banach space X consider a non-empty closed set K 
which generates a distance function 4 satisfying the property that 
lirn sup 4(x + Y) - 4(x) 
II YII - 0 IIYII =I 
for all x E X\K. Then given x E X\K, r > 0, and CT > 1, there exists an 
x, E X\K such that 
6) #(xl + Wlx - x0 II d Qfk), 
(ii) ~(~)<~(x,)+l/oll~--~IIforaNyZx, and Ily--II<:, 
(iii) [Ix -x, 11 = r. 
Proof: Applying the primitive form of Ekeland’s theorem [2] to the 
complete metric space B[x; r] and the continuous real function -4 on 
B[x; r], we have that there exists an x, E B[x; r] such that 
and 
4(x) + l/allx -x0 II d 4(&) 0) 
&v)<#(xo)+ GJIIY--x,Il forall yfx, and IIy-XII dr. (ii) 
From (i), we see that x, E X\K. Suppose that /Ix-xx, II cr. Now there 
exists a y, E X, 0 d II y, II < r - I/x - x, II such that 
o(xo+Y”~-~9(xo), l,. 
II Yo II 
But then x, + y, EB[x; r], which contradicts (ii). We conclude that 
lb - x0 II = r. I 
A closed set K in a normed linear space X is said to be almost conuex if 
for any closed ball B which does not intersect K there exists a closed ball B’ 
of arbitrarily large radius which contains B and still does not intersect K. 
LEMMA 13. In a Banach space X, a non-empty closed set K which 
generates a distance function q5 satisfying the property that 
lim sup ~(x + Y) - I 
II YII -+ 0 IIYII = l 
for all x E X\K is almost convex. 
409/128/Z- is 
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Proof: Given XE X\K, choose a>p>O such that O</~<C$(X)< a. 
Then we can choose 0 > 1 and r > 0 such that a(~ - 4(x)) < r < a-p. By 
Lemma 12, there exists an x, E X\K such that r = IIx-xx, I/ < 
a(d(x,) -d(x)). This implies that B[x,; a] contains B[x; /3] and does not 
intersect K. 1 
A normed linear space X is said to be rotund if for every x, y E X, x # y, 
llxll = /IyII = 1 we have Ilx+yll < 2. Vlasov showed that in a normed linear 
space X every closed almost convex set is convex if and only if the dual 
space X* is rotund. So we can see that Vlasov’s theorem could be stated in 
more generality as follows. 
THEOREM 14. In a Banach space X with rotund dual X*, a non-empty 
closed set K which generates a distance function q4 satisfying the property 
lim sup ~(x + Y) - I = * 
II A + 0 II YII 
for all x E X/K is a convex set. 
Clearly, a distance function q5 which is Gateaux differentiable on X\K 
and where lid’(x)ll = 1 for all XE X\K satisfies the differentiability con- 
dition of this theorem. But even in Hilbert space, the G&teaux differen- 
tiability of a distance function 4 at a point x E X\K does not necessarily 
imply that ~~qY(x)~~ = 1 [4, p. 3081. However, in any normed linear space, 
the Frechet differentiability of a distance function 4 is sufficient to satisfy 
the differentiability condition of the theorem. 
LEMMA 15. Given a non-empty closed set K in a normed space X, if the 
distance function q5 generated by K is FrPchet dgferentiable at XE X\K then 
Il4’(x)ll = 1. 
Proof. Given x E X\K and t > 0, choose u(x, t) E K such that 
llx - 4x, t)ll > 4(x) > Ilx - 4-5 t)ll - t2. 
For x, E x - t(x - u(x, t)), 
0,) - 0) ~ I/x, - 4% t)ll - lb - 4x2 t)ll + t2 
lb, - XII lb, - XII 
~ - lb, -XII + t2 
(Ix* - XII 
.-1+--j&+ 
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But since 4 is Frechet differentiable at x we deduce that, for 
Y, = t(x - 44 t)), 
lim sup 4(x + Yt) - d(x) = 1 
I/Y, II + 0 II Yf II 
and Il4Yx)ll = 1. I 
We can use the proof of Lemma 15 to determine a necessary condition 
for K to be convex. 
COROLLARY 16. If K is a closed convex set in a normed linear space X 
and the distance function 4 generated by K is Gateaux differentiable at a 
point XE X\K then Il@(x)/l = 1. 
Proof: Since 4 is convex on X and Gateaux differentiable at x, 
W)(~ G 
> 
4(X,)4(X)< -1 I 
lb--XII ’ 
t 
d(x) 
and so l/qY(x)ll = 1. m 
We are now in a position to see that in a Banach space with spatial 
conditions less stringent than those of Corollary 9, a distance function 
satisfying rather mild differentiability conditions is in fact a convex 
function. 
From Corollary 2 and Theorem 14 we have the following result. 
THEOREM 17. Zn a Banach space X with rotund dual X* consider a non- 
empty closed set K with the property that to each x E X\K there exists a 
closest point p(x) in K. Zf the distance function 4 generated by K is Gateaux 
directionally differentiable at each x E X\K in the direction x-p(x), then q5 
is a convex function, Gciteaux differentiable on X\K. 
More generally we have the following associated result. 
THEOREM 18. In a Banach space X with rotund dual X* tf the distance 
function 4 generated by a non-empty closed set K is Gateaux differentiable 
on X\K and Il~‘(x)ll = 1 for all XE X\K then q5 is a convex function. 
Recently, Preiss has shown [9, p. 1291 that a real locally Lipschitz 
function 4 on an open subset G of an Asplund space is Frechet differen- 
tiable on a dense subset of G. So, Lemma 15 and his result imply that in an 
Asplund space X the distance function 4 generated by the non-empty 
closed set K satisfies I/qY(x)ll = 1 for points x belonging to a dense subset of 
X\K. 
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4. A MEAN VALUE THEOREM WITH AN IMPLICATION 
FOR G~TEAUX DIFFERENTIABLILITY 
Lebourg [7] developed a useful Mean Value Theorem for Clarke 
generalized subgradients. We now show that a similar result holds for 
Michel-Penot generalized subgradients. Since the Michel-Penot 
generalized subdifferential is smaller than that of Clarke, this Mean Value 
Theorem is correspondingly more powerful. 
THEOREM 19 (The Mean Value Theorem). Given a locally Lipschitz 
function 4 on a normed linear space X, for every x, y E X, x # y there exists 
an aE(x,y) andanfe@O(a) such that 
Proof Consider the real function g defined on R by 
g(t)=4(ty+(l -t)x)-td(Y)-(l -t)4(x). 
Now g(0) = g( 1) = 0 and since g is continuous on [0, 11, g has a minimum 
or a maximum at some t, E (0, 1). Then for a = t, y + (1 - t,) x, 
~(a+t(Y-x))=g(t+t,)+(t+t,)~(y)+(l-t-t,)~(x) 
so 
If g has a minimum at t, then 
for -t,<t<l-t,, and so 
-d”(a)(-(y-x))=~~lfIfl~f 
&a + tz + t( y - x)) - &a + tz) 
t 
<liminf~(a)-~(a-t(r-x)) 
. 
t+o+ t 
<d(Y)-d(x) 
< lim sup #(a + t( Y - x)) - 4(a) 
. 
t-o+ t 
<q5”(a)(Y-x). 
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If g has a maximum at t, then 
and a similar argument gives the same result that 
By the generalized subdifferential properties mentioned before Theorem 5, 
we have that there exists an f~ @“(a) such that 
f(Y-x)=#(Y)-4(x). I 
It is clear that a necessary condition for a locally Lipschitz function 4 on 
a normed linear space X to have a maximum or a minimum at a point 
aEXis that OE@~(Q). 
We should point out that this Mean Value Theorem implies that there is 
a very neat relationship between the Clarke and Michel-Penot subdifferen- 
tials for any locally Lipschitz function 4: a’&~) is the set of weak* cluster 
points of 84 O(z) as z + x. 
In Corollary 9, we developed a continuity characterization for Gateaux 
differentiability of a distance function on a normed linear space with 
uniformly Gateaux differentiable norm and we subsequently commented on 
the spatial conditions for this characterization to hold. The continuity 
condition implying Gateaux differentiability is in fact quite strong and we 
can use the Mean Value Theorem to show how a similar result can be 
given more generally to imply the existence of Gateaux directional 
derivatives. For a locally Lipschitz function 4 on a normed linear space A’, 
it is convenient to denote a generalized subgradient of 4 at x E X by f $. 
THEOREM 20. Given a locally Lipschitz function I$ on a normed linear 
space X, if for any given YE X and all the generalized subgradients 
f?,,." -v”(x+tYh f?+,,(Y) is convergent as t -+O, then 4 is GBteaux 
differentiable at x in the direction y. 
Proof: Given t >O, by the Mean Value Theorem there exists an 
O<IX< 1 and an f$+,s(y E@“(x + trxy) such that 
~(X+tY)--(X)=f!+rly(tY). 
But the continuity hypothesis tells us that f $+ tY( y) is convergent as 
t-+0+. so 
lim 4b+tY)-d(x) 
r-o+ t 
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exists and has the same value. But also there exists an 0 < CX’ < 1 and an 
St ~ ta'v E 84 o (x - ttx’y ) such that 
O(x)-~(X-cy)=f?~,,,,,(ty) 
and again 
lim 4(x + fY) - 4(x) 
t-O- t 
exists and has the same value. So we conclude that 4 is Gateaux differen- 
tiable at x in the direction y. i 
For a distance function in a normed linear space X, we have an 
improved criterion for Gateaux differentiability. 
COROLLARY 21. Consider a non-empty closed set K in a normed linear 
space X where to each point x E X\K there exists a closest point p(x) in K. If 
given y E X7 every f, + IIj - p(x + (.,') Y ( ) is convergent as t -+ 0, then 4 is Griteaux 
differentiable at x in the direction y and d’(x)(y) =f ( y) for some 
f~a-P(x)ll. 
Proof: From the proof of Theorem 5 we see that if s is such that 
qY(x + sy)( y) exists, then it is of the form 
But the real function t + 4(x + cy) is differentiable almost everywhere by 
Rademacher’s theorem, so &(x + sy)( y) exists almost everywhere and 
But we are given thatfx+,-,,,+,)(y) converges as s --+ 0, so q4 is Gateaux 
differentiable at x in the direction y and d’(x)(y) is of the form 
L,(x)(Y). I 
As with the Clarke generalized subdifferential [ 1, p. 371, the Mean Value 
Theorem enables us to establish that the monotonicity of the Michel-Penot 
generalized subdifferential mapping x -+ 84 O(x) guarantees the convexity 
of the function 4. 
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THEOREM 22. A locally Lipschitz function q5 on a normed linear space X 
is convex if and only tf 
(f f -f %Y - x) 2 0 
for all x, y E X and 
f!~~4°b)~ f+vO(Y). 
Proof For any given x, y E X and 0 < 1~ 1, we have from the Mean 
Value Theorem that 
~(X)-~(~X+(1--)Y)=f!+5(1-I)(y--x)(l-IZ)(X-Y) 
for some 0 < tl < 1 and f $ + cc1 - j.)(y - .xj l &b~(x+<(l--A)(y-x)). But also 
$(Y)-$(~x+(l-n) Y)=f$+yn(x-y,4Y-x) 
for some O<r’<l andf.~+e,j,c.r-Y,Ea~o(y+~‘~(x-y)). If x-+&$“(x) is 
monotone, 
(f.~+5’i(x~.“)-f!+e;(l-%)(v-*) )(l-(‘A-<(l-A))(y-x)20. 
But 0 < <‘A + <( 1 - A) < 1 and so 
~qqx)-&qAx+(l--) y)+(l--)~(y)-(l-i)~(~x+(1--1)y)~o; 
that is, 
~(nx+(l-n)Y)~;l~(x)+(l-I)~(Y). I 
However, we should notice that for certain distance functions, convexity 
follows if a restricted monotonicity property holds. 
THEOREM 23. Consider a non-empty closed set K in a rotund normed 
linear space X where to each point XE X\K there exists a closest point p(x) 
in K. If the norm is Gateaux differentiable on X\(O) andfor each XE X\K 
and xi. E x + 1(x -p(x)), where ,I > 0, 
(fx,-p(xi) -fx-p(x))b -P(X)) 2 0, 
then the distance function rj generated by K is convex. 
Proof If the restricted monotonicity property holds then 
fxl-p(xl)(x - P(X)) = lb - Pb)ll. 
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Since the norm is Giteaux differentiable at x - p(x) then 
and since X is rotund p(xl) =p(x); that is, K is a sun. It is not difficult to 
show that in a normed linear space X with norm Gsteaux differentiable on 
X\(O), a sun is convex. It follows that C,Z~ is convex. 1 
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